The source for advantage in noise quantum metrology 
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Quantum mechanical systems can be used to out perform classical ones in several tasks. For 
instance, quantum correlations can be employed to beat the shot-noise limit in metrology protocols. 
Such parameter estimation methods are crucial for both advances in science and the development of 
technologies. Almost all quantum technologies operate with some level of noise and how quantum- 
enhancement fares in the presence of noise is still unclear. Here we show that, when a system in 
mixed multipartite quantum state is used to estimate a parameter, the information must be decoded 
by coherent interactions between the parts of the probe. Strangely, we find that the quantum Fisher 
information is adaptively additive for any pure entangled states, that is, no coherent processing 
is necessary. This leads to an operational interpretation for the ability of performing coherent 
interactions in parameter estimation and highlights a fundamental difference between mixed and 
pure states. This result has fundamental importance in the search for the source of quantum 
advantage and it also has practical relevance for the designing of new high-precision-measurement 
devices. 



A general framework to estimate a parameter involves 
a suitable probe and an interaction that manifests the 
parameter physically. The probe, initially in state g, ac- 
quires some information about the parameter, <p, encoded 
in state g$, which is then read out by some convenient 
strategy. The estimation process depends on how much 
information is carried by the encoded probe. The preci- 
sion of the estimation protocol is limited by Cramer-Rao 
bound [TJ [2] , in which the root mean square error, A<p, is 
bounded by the Fisher information [3J, J-^, as 

A0>^U- (1) 



J-F<t> 

Fisher information is a key concept in metrology and 
gives us information about the effectiveness of a param- 
eter estimation protocol, i.e., it quantifies how effective 
is the information codification in g^. The probe read 
out is performed in a measurement sampling, resulting 
in the probability distribution p(g l / > ), which contains the 
information about <fi. Inequality (1) may be saturated in 
a large number of trials. The preceding statements are 
general statements of estimation theory and, therefore, 
are true for both quantum and classical systems. 

An essential ingredient in parameter estimation is us- 
ing correlated states of the probes. A correlated probe 
can be used to improve the estimation process. For the 
quantum case, non-classical correlations offer consider- 
able advantages in quantum metrology [6] even in noise 
scenarios [Z]. Quantum Fisher information is defined as 
the supremum over all possible measurements [8 . This 
raises the important question about whether the final 
measurement have to be classical or quantum. In this 
Letter, we address the role of coherent interactions in 
noise quantum metrology. We show that such opera- 
tions play a crucial and important role in noise reduction, 
which leads to a gap between the classical and quantum 



scenarios. By quantum we mean a global measurement 
and by classical we mean a local adaptive measurement 
scheme. 

Classical version. Let us consider the following game 
between three characters: Alice, Bob, and Gregory. The 
characters receive the same encoded probe g^. We will 
consider a bipartite probe for simplicity, but all the dis- 
cussions we drawn can be easily generalised for the mul- 
tipartite case. Gregory has access to the whole sampling, 
while Alice and Bob have access only to local partitions 
of the encoded probe. The classical scenario for the game 
is sketched in Figs. 1(a) and (b). We suppose that Gre- 
gory has an apparatus able to preform joint measure- 
ments on the global sampling involving both variables 
{a, 6} of a bipartite probability distribution p^,(a, b) (see 
Fig. 1 (a)). The amount of information that Gregory 
could learn about <f> is bounded by Fisher information 



F{A,B) = dadbp^{a,b) 
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Now, supposing that each partition of the probe is dis- 
tributed among the two partners, such that the probe 
variable a is given to Alice, while the probe variable b is 
assorted to Bob. Both partners are allowed to perform 
local measurements and operations on their own parti- 
tions and they can communicate to each other. At this 
point, Gregory puts up a challenge to Alice and Bob. 
The two partners (Alice and Bob) must to estimate the 
value of </> with the same uncertainty that Gregory gets 
from global measurements. Alice and Bob can employ a 
local adaptive strategy, depicted in Fig. 1(b), to perform 
such a challenge task. First, Bob performs a suitable 
measurement on the variable b and communicates his re- 
sult to Alice. Next, Alice performs a measurement on 
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FIG. 1. Sketch of two classically equivalent strategies for pa- 
rameter estimation, (a) the global and (b) the local adaptive. 



the variable a in an adaptive way by employing Bob's 
result. In this local strategy Bob can learn an amount 
of information about cf> that is bounded by Bob's Fisher 
information 



F{B) 
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where p<p{b) = J dap^{a,b). On the other hand, Alice 
can learn an amount of information associated to a con- 
ditional read out bounded by the conditional Fisher in- 
formation [for the conditional distribution p#(a\ b)], which 
we define as 



F{A\B) = J dbp^(b)T(A\B = b), 



(4) 



with F{A\B = b) = j dap^(a\b) ^ P<i> (a\b) . 

Comparing Gregory's, Bob's, and Alice's Fisher in- 
formation, we conclude that, in the classical scenario, 
Alice and Bob together win the game. By using a lo- 
cal adaptive strategy, Alice and Bob are able to esti- 
mate the value of the parameter <j) reaching the same 
precision achieved by Gregory. The classical equivalence 
of the two strategies (global and local adaptive) lies in 
Bayes' rule. Since the joint probability can be written 
as p l / ) (a,b) — p$(b)pj,(a\b), we can show the following 
relation between local, conditional and global Fisher in- 
formations: 



T c {A,B)=Tc(B)+T c {A\B) 



(5) 



The left hand side of Eq. ^ is the Fisher information 
associated with a global sampling strategy (Fig. 1(a)), 
whereas the right hand side can be understood as the 



Fisher information of a local adaptive strategy as de- 
picted in Fig. 1(b). Above we have used the subscript C 
to denote that Eq. ^ holds in the classical case. 

Quantum version. In order to move the challenge 
game to the quantum word, we will employ the phase 
estimation protocol depicted in Figs. 2(a) and (b) where 
the bipartite probe is composed by a two-qubit mixed 
state, p AB . Here, the challenge game is to estimate the 
phase shift ct> encoded in the probe through the evolu- 
tion operator U(<j>) — e~ l< ^ , with the Hamiltonian 
h ab = u A <g> 1 B + 1 A ® H B . Gregory's global strat- 
egy consists of performing a joint measurement on the 
product state space £4 ® £b- Performing such a joint 
measurement in general requires using a entangling op- 
eration — the second controlled- not (C-NOt) gate in Fig. 
2(a) — followed by local measurements. In other words, 
the entangling operation involves a coherent interaction 
between the two partitions. Therefore, in the quantum 
version of the challenge game, Gregory is able to per- 
form coherent interactions between two partitions of the 
encoded probe state. To inspect how much can Gregory 
learn about the phase <j>, we use the quantum version of 
the Fisher information [5] . For the probe-system interac- 
tion described by Hamiltonian T-L AB , Gregory's quantum 
Fisher information is given by 



-KW AB \W\ 
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(6) 



where {A^} and {|Aj}} are the eigenvalues and the eigen- 
states of the initial probe state p AB . 

In the quantum version of the local adaptive strategy, 
Alice and Bob are not able to perform a disentangling 
gate (or a coherent interaction). They only have access 
to local measurements concatenated by classical commu- 
nications. Bob can perform a general projective measure- 
ment represented by the complete set of projectors {nf }. 
After the measurement, Bob communicates his measure- 
ment outcome to Alice, which can perform a classical 
controlled unitary and another local measurement. The 
estimation process can be optimized by a suitable choice 
of Bob's measurement basis and Alice's unitary transfor- 
mation. In this context, we can also define a quantum 
conditional Fisher information as 



J-(/ |B ) = £^(p a|6 ), 



(7) 



where p A \ h = Tr B (l A (8) Ilf p AB t A ® nf )/p b is the post- 
measurement state associated to the 6-th outcome, which 
occurs with probability pb = Ttab{^ A ® nf p AB ). 

From the classical scenario in Eq. (01, we have 
Fab{p ab ) = F{p A \ B )+F{p B ). We define the difference 




J2pbHp A{h )\, (8) 
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FIG. 2. Quantum algorithms for two different strategies for 
phase estimation, (a) Global sampling strategy, in this pro- 
tocol Gregory can perform coherent interactions and he can 
correlates the sample data to improve the estimation, (b) 
Local adaptive strategy, in this scenario there is no access 
to coherent interactions or joint measurements. Bob per- 
forms a local measurement in the basis ({|+) s , |— } B } with 
l±)s = (l°)s ± l 1 )s)/v / 2)- Conditioned to Bob's outcome, 
Alice applies a unitary {U+ = H A ,U- = a A H A }, where aj 
are the usual j-th component of the Pauli matrix and H A is 
the Hadamard gate. 



as the discordant Fisher information, since the aforemen- 
tioned expressions for the conditional Fisher information 
may not be equivalent in a general quantum context. In 
the classical scenario AT = 0. Differently from the clas- 
sical perspective, a measurement in quantum mechanics 
disturbs the system state. Moreover the global strategy 
encompass coherent interactions between the probe parti- 
tions. The quantity AJ- measures the classical-quantum 
non- equivalence regarding the difference between a global 
and a local adaptive strategy, as depicted in Figs. 2(a) 
and (b). 

There are several characteristic traits of quantum me- 
chanics that distinguish it from the classical theory. Be- 
sides non-classical correlations like entanglement and dis- 
cord (which may be present even in separable states) 
[Tffl ITT] , the possibility of performing coherent interac- 
tions between different partitions of the probe does not 
have a classical analogue [12] . This kind of operation im- 
plies in the possibility of path interference, which is ab- 
sent in the standard classical statistics. The role of the 
coherent interaction in the quantum advantage is a top- 
ical issue under recent investigation. Until now we just 



have few hints about the role played by this important 
ingredient in the quantum-advantage recipe [13] . The 
discordant Fisher information defined in Eq. ^ gives us 
a way to test the role played by coherent interactions in 
quantum metrology and related tasks. To get a grasp of 
this, we will explore some different classes of probe states 
in the aforementioned challenge game. 

Pure states. Remarkably, for pure states the global 
and the local adaptive strategies can reach the same pre- 
cision for parameter estimation (see [J] for the proof). 
Therefore, the discordant Fisher information vanishes for 
any probe in a pure state, independent of the number of 
parties involved and whether they are entangled or not. 
In this case, Alice and Bob win the challenge and the 
coherent interaction in the read-out stage of Gregory's 
protocol does not play an essential role. 

Nevertheless, in the real word applications, it is al- 
most impossible to get rid of all kind of noise. So, in 
practical situations (in the laboratory), we always have 
a probe with some level of noise. We will show that 
for a probe in a mixed state, AJ- could be greater than 
zero (and Gregory could win the game), revealing a gap 
between classical and quantum estimation theory. Such 
a gap also reveals a fundamental difference between the 
pure and the mixed state context. Supposing that the 
probe preparation depicted in Fig. 2 (a) and (b) has 
some added noise, we will compute AJ 7 . 

Mixed states. Let us choose the probe as a Werner 
state p AB = \\ AB + (1 - r,) W+) AB with r, € [0, 1] 

and = (\° q )ab ± |H)as)/^2- The parame- 

ter r) indicates the amount of white noise present in 
the probe state. For r\ < 2/3 state p AB is entangled 
and for 2/3 < 77 < litis separable exhibiting a non- 
classical correlation revealed by quantum discord [llj . 
We will consider the phase shift introduced by the uni- 
tary U = exp [i<t> (\l) A (1| ® I s + t A ® |1) B (1|)] follow- 
ing the protocols depicted in Figs. 2 (a) and (b). The 
eigenvectors of p AB are , , 1 01) , |10)}, with 

eigenvalues {^p 2 , \, \ , f }, respectively. 

The Fisher information of the Gregory's strategy is 

Fg{p AB ) = 8^T- While, for local adaptive strat- 
egy, the isolated Bob's Fisher information is null, since 
he only gets random bits, communicating his measure- 
ments outcomes to Alice. Therefore AT = J-(p AB ) — 
max^-fjBj ^2 j pjJ r (p A ^). Furthermore, any positive oper- 
ator values measurement (POVM) can be fine grained to 
be rank-one, which then always results in 

P - 2 [± e ia*(!_^ 1 J » W 

for Alice's conditional state due to Bob's measurement. 
Therefore, Bob's choice of measurement that optimize 
the read-out process, is {|+)(+| , |— )( — |}, where |±) = 
(|0) ± |l))/v2- Thus, the conditional Fisher information 
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is J-{p A][B ) — 4(1 — rj) 2 . Right away we have 



4// 



n 



(10) 



which is non- vanishing for all values for r\ ^ 0,1 and 
Gregory wins the challenge. 

In this example, Gregory's ability to perform coherent 
interactions plays a non-trivial role in phase estimation 
in the presence of noise. Revealing a sharper gap between 
pure and mixed state metrology, as well as, between the 
classical and the quantum scenarios. In the quantum 
scenario, coherent interactions can be employed to re- 
duce the noise of the probe state, making more effective 
Gregory's strategy for phase estimation. 

Gregory's advantage can be better understood by look- 
ing to the two different read-out strategies. After Gre- 
gory performs the second C-NOT (depicted in Fig. 2(a)), 
the encoded probe state turns out to be 



n AB 

P(j> 
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where \<p) A — |0) + e * |1). Next, Gregory will per- 
form measurements in both partitions of the probe and 
he will correlate the data in a suitable way in order to 
get the best precision in the phase estimation. If Gre- 
gory obtains the outcome 1 for the measurement on af 
basis ({|0) B , |1) B }), he has to disregard such an event 
from his statistical sampling, since there is no informa- 
tion about the phase 4> in this event. When he gets the 
outcome for the measurement on the partition B (with 
probability Vg =0 = 1 — §)> ne S oes ahead and mea- 
sures partition A adding this event to his statistics. In 
this case, Gregory will get the post-selected probability 
PaLo = Mte 8 ^ for detecting the state \0) A . The 
fringe visibility for Gregory's coherent strategy is given 
bv V G = max (' PA = )~ min (' p - 4 =o) = 2^—3 

•> max('PA=o)+mm('PA=o) 2— rj ' 

In the local adaptive strategy, after Bob's measurement 
(with probability P B = ± = |) Alice has to perform a uni- 
tary conditioned to Bob's outcome (as described in Fig. 
2(b)) over the state in Eq. ([9]). Alice detects the state 
\Q) A with probability T A = o = 5 [1 + (1 ~ v) cos(20)]. In 
this case, the fringe visibility of Alice's and Bob's adap- 



tive strategy reads V 



AB 



1 



Thus V G > V AB for 



rj ^ 0, 1. It is known that the visibility of an interferom- 
eter bounds the precision of phase estimation [Tl] . This 
example explicitly draw a picture of our observation con- 
cerning the usefulness of coherent interactions to effec- 
tively reduce noise in Gregory's read-out strategy. 

It is worthwhile to note that such a result does not 
depend on the presence or not of entanglement or quan- 
tum discord. It is a consequence only of the quantum 
nature of the probe and the ability to perform coher- 
ent interactions. For a fully classically correlated probe, 



given by p AB = Y^abPab \a) H ® \b) (b\ (where {\a}} and 
{| b)} are orthonormal basis in space £ A and £b, respec- 
tively), we have F G (p AB ) + E b PbHp Alb ) +Hp B ), thus 
AJ 7 7^ 0. In this case, the coherent interaction in the 
read-out processes transfers local accessible information 
to a shared kind, similar to what is discussed in Ref. 
[§]. Here, the Gregory's advantage relies on the quantum 
nature of the probe, which can support some coherence 
after the second C-NOT gate in the read out (depicted in 
Fig. 2(a)). Although the coherent processing enables an 
enhancement over the local adaptive one, for classically 
correlated probe the possibility to beat the shot-noise 
limit remains unclear. 

Multipartite states. An example similar to the 
above one can be carried out for a multipartite case. 
An acute noise reduction is obtained by using co- 
herent interactions in the paradigmatic Mach-Zchndcr 
interferometer employing a noise A^OOA^-state probe 
|15j . In this case, we can represent the noise probe 
as p^ 00JV = ^r+rl + (1 - r])\N00N}(N00N\ (with 
\N00N) = (\N,0) AB + \0,N) AB ) /V2). The phase shift 
is now introduced by the unitary U — e L ^ a ® 1 (where 
a) a is the usual photon number operator for mode A) and 
the encoded probe state is p$ 00N = Up$ 00N W. Gre- 
gory's Fisher information turns out to be T N00N (AB) = 
In the adaptive strategy, the sequence of 



-(2^-1)17' 



adaptive Bob's measurements on the space spanned by 
the A^-quanta is equivalent to Alice applying A^ times the 
phase in her qubit, resulting in the conditional Fisher in- 
formation J" W00Ar (y4|B) = N 2 (l-r]) 2 . Local Bob's Fisher 
information is also null in this case. Thus 



AT 



moN V N 2 (2 N -1)(1- V ) 2 
2N _ (2N - i)^ • 



(12) 



which is grater than zero for a noise probe (rj ^ 0, 1). 
The gap between the performance of Gregory's coherent 
strategy and Alice's & Bob's adaptive strategies scales 
quadratically in the number of quanta N in the A^OOA^ 
state for a fixed amount of noise rj. Such a quadratically 
over-performance due to the coherent interactions in the 
noise context is really remarkable. It is the same level of 
enhancement obtained in the noiseless scenario that leads 
to quantum metrology protocols beating the shot-noise 
limit. Of course, depending on the amount noise in the 
probe state, we could not beat the shot-noise limit. On 
the other hand, considering the same amount of noise 
for a classical and a quantum probe, we can beat the 
precision of any classical protocol by using coherent in- 
teractions in the read out of the encoded probe. 

Summarizing, we showed that different read-out strate- 
gies may result in an enhancement of the estimation pre- 
cision in the general scenario of quantum metrology. Co- 
herent interactions is proven to play a non-trivial role in 
the probe read-out stage of parameter estimation proto- 
cols. It is responsible for an important noise reduction 
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strategy. This fact has a deep and fundamental impor- 
tance for any measurement protocol under the unavoid- 
able presence of noise. Moreover, A J 7 > also implies 
that we can employ coherent interaction to over-perform 
a classical metrology protocol. Even in a very noise envi- 
ronment, we can harvest quantum advantage in a metrol- 
ogy task, reaching the same level of quadratic quantum- 
enhancement of the noiseless context. 
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